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Introduction

Compartment models

@ the exchange of substances between the compartments
with coupled linear differential equations

@ an analytical solution can be derived which represents
the tissue’s impulse response by a sum of exponential
functions

@ Because all model parameters (with the exception of the
influx parameter K;) enter the solution in the exponents
of the e-functions, the determination of the parameters
from the evaluation of experimental data requires
non-linear fitting procedures

Up to now, these procedures are too time-consuming if
pixel-by-pixel estimates of the parameters are to be done.




Introduction

Linearisation

Using linear least-squares fitting procedures for the
parameter estimation

The linearlized methods can be divided in two groups:

Watabe PET PK Course 2008 Linearisations



Introduction

Linearisation

Using linear least-squares fitting procedures for the
parameter estimation

The linearlized methods can be divided in two groups:

@ methods which are in principle exact and allow the
determination of the complete set of transport constants
of the model

Watabe PET PK Course 2008 Linearisations



Introduction

Linearisation

Using linear least-squares fitting procedures for the
parameter estimation

The linearlized methods can be divided in two groups:

@ methods which are in principle exact and allow the
determination of the complete set of transport constants
of the model
CBF model,Blomquist approach

Watabe PET PK Course 2008 Linearisations



Introduction

Linearisation

Using linear least-squares fitting procedures for the
parameter estimation

The linearlized methods can be divided in two groups:

@ methods which are in principle exact and allow the
determination of the complete set of transport constants
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CBF model,Blomquist approach
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Introduction

Linearisation

Using linear least-squares fitting procedures for the
parameter estimation

The linearlized methods can be divided in two groups:

@ methods which are in principle exact and allow the
determination of the complete set of transport constants
of the model
CBF model,Blomquist approach

@ methods which make use of asymptotic properties of the
tissue response and provide only restricted information,
e.g. volumes of distribution V; or metabolic rates.
Logan plot, Gjedde-Patlak plot
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Introduction

Today’s topics

The present discussion will be limited to the two most
important models (as far as PET is concerned), namely the
single-tissue-compartment model (including the
Kety-Schmidt model) and the two-tissue-compartment model
with irreversible binding (e.g. FDG) or reversible binding (e.g.
radioligands).
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Linearisation of the Kety-Schmidt model (CBF)

Linearisation of the Kety-Schmidt model (CBF)

Integration of the model equation
between zero and a (variable) time
‘" yields:

dCy
_— = K1CA - kZCT
dt
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Linearisation of the Kety-Schmidt model (CBF)

Integration of the model equation
between zero and a (variable) time
‘" yields:

CT=

dCy
_— = K1CA - kZCT
dt

Watabe PET PK Course 2008 Linearisations



Linearisation of the Kety-Schmidt model (CBF)

Linearisation of the Kety-Schmidt model (CBF)

Integration of the model equation
between zero and a (variable) time
‘" yields:

t
CT = Klf CAdT—
0

dCy
_— = K1CA - kZCT
dt
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Linearisation of the Kety-Schmidt model (CBF)

Figure: Linearisation of the single-tissue-compartment system
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Linearisation of the Kety-Schmidt model (CBF)

y(#) = Ky — kyx(2)

The resulting straight line intercepts the y-axis at y = K; and
the x-axis at
vy = ot (4)
X = = —
T ks
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Linearisation of the FDG-model (Blomquist approach)

Linearisation of the FDG-model (Blomquist approach)

K1 k3

Ca k2 Cf Cb

K,

Cr=Cr+Cp =
g F B k2+k3

(kze_(k2+k3)t + k3) ®Cs (5
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Linearisation of the FDG-model (Blomquist approach)

This equation shows that as far as the total tissue response
is concerned the FDG-model is equivalent to a system of two
independent ("decoupled”) compartments u; and u,:

K4

Uy

KK

A 4

K3 u,

The decoupled model which is equivalent to the FDG model
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Linearisation of the FDG-model (Blomquist approach)

Ky Cr= Kle_Kzt RCs+x380Cy
Ui
Kk
— Ky = ——2 (6)
c 2 ky + k3
Ky =k, + k3 (7)
Ko Kik
u, Ky = — (8)
kz + k3
Cr=Cr+Cg=u +u, (9)
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Linearisation of the FDG-model (Blomquist approach)

Because the reversible component u; represents a one
compartment system it is treated with the linearisation
derived in section Linearisation of the Kety-Schmidt model.
Similarly, the time dependence of the trapping component u,
is simply defined by the integral influx:

¢
K1 CAdT— Kzf udr
0

u

U, = K3f CAdT (10)
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Linearisation of the FDG-model (Blomquist approach)

Moreover, u; = Cr — u,. Substituting for u, the expression
from Eq. (10) and integration yields

t t t t T
f uld‘r = (CT - uz) dr = f CTdT—K3 f CAdT'dT
0 0 0 0 0 (1 1)

From these relations the following formula for Cr is found:
Cr = ui+u, (12}

t t t
Klf CAdT—Kzf u1d1'+l<3f Cqdr
0 0 0
t t t T
(k1 + K3) f Cpdt — k5 (f Crdt — k3 f f CAdT’dT)
0 0 0o Jo
t t t T
= K; f CAdT - (k2 + k3) f CTdT + K1k3 f f CAdT,d‘I
0 0 0o Jo
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Linearisation of the FDG-model (Blomquist approach)

This is the Blomquist formula. For the special case k3 = 0
the Blomquist formula reduces to the linearisation of the
single-tissue-compartment model. Contrary to the one
compartment case the rate constants are no longer identical
with the linear parameters of the equation. Therefore, the
parameter estimation is performed by first determining the
linear parameters (p; — p3) in front of the integrals in Eq. (12)
with a linear three-parameter fit. In the second step the rate
constants are determined:

t t ' T
Cr=pm f Csdt—p, f Crdt + p; f f C,dr’'dr (13)
0 0 0o Jo

with K; = P1s ks = B and ky = P2 - B
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Linearisation of the FDG-model (Gjedde-Patlak Plot)

Linearisation of the FDG-model (Gjedde-Patlak Plot)

Gjedde-Patlak Plot

The linearisation method presented here has been described
by (Gjedde 1982) in general terms and more specifically by
(Patlak et al. 1983). Because the method is usually simply
called the “Patlak plot”, this terminology is adopted here.

The Patlak approach is a description of the behaviour of the
FDG-model when the free FDG in tissue has reached its
steady state so that the ratio of concentrations Cr/C4
becomes time independent.
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Linearisation of the FDG-model (Gjedde-Patlak Plot)

If one looks at sufficiently late
time points after the bolus
passage of the tracer, the
reversible component u; will also
K2 approach steady state with the
tracer in the blood pool:

Ug

K
" u — —C, (14)
K>
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Linearisation of the FDG-model (Gjedde-Patlak Plot)

Together with Eq. (10) this leads to

K t
Cr=u+u, > K—ICA + K3 f CAdT (15)
2 0

This equation allows the determination of x3 as well as of the
ratio k1 /k, from a linear fit.

Dividing Eq. (15) by C4 on both sides results asymptotically
in the equation of a straight line:

Cr
— -
Ca
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Linearisation of the FDG-model (Gjedde-Patlak Plot)

Together with Eq. (10) this leads to

t
Cr=ui+u, - ﬁCA + K3 f Cudr (15)
K> 0

This equation allows the determination of x3 as well as of the
ratio k1 /k, from a linear fit.

Dividing Eq. (15) by C4 on both sides results asymptotically
in the equation of a straight line:

t
— o — K ——
CA K2 CA
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Linearisation of the FDG-model (Gjedde-Patlak Plot)

Together with Eq. (10) this leads to

t
Cr=ui+u, - ﬁCA + K3 f Cudr (15)
K> 0

This equation allows the determination of x3 as well as of the
ratio k1 /k, from a linear fit.

Dividing Eq. (15) by C4 on both sides results asymptotically
in the equation of a straight line:

t t
Cr K1 fo Cadr _ Kik Kiks fo Cadr

— = —+K3

= +
Cis K2 Cy (ky + k3)? k2t ks Cy

(16)
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Linearisation of the FDG-model (Gjedde-Patlak Plot)

Together with Eq. (10) this leads to

t
Cr=ui+u, - ﬁCA + K3 f Cudr (15)
K> 0

This equation allows the determination of x3 as well as of the
ratio k1 /k, from a linear fit.

Dividing Eq. (15) by C4 on both sides results asymptotically
in the equation of a straight line:

t t
Cr K1 fo Cadr _ Kik Kiks fo Cadr

— = —+K3

= +
Cis K2 Cy (ky + k3)? k2t ks Cy

(16)

A representation of the data in this form is called a
Patlak-plot.
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Linearisation of the FDG-model (Gjedde-Patlak Plot)
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Linearisation of the FDG-model (Gjedde-Patlak Plot)

Because the input actually decreases at late times, u, is
higher than under equilibrium conditions because there must
be a small net washout from the reversible component in this
case. This results finally in an increase of the y-intercept in
the Patlak-plot without modifying the interesting slope.

The most important parameter derived from the Patlak-plot is
the metabolic rate K;:

K k;
k, + k3

Ki = K3 = (17)

which represents the steady state trapping rate of the tracer
in tissue.
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The Logan-plot

The Logan-plot

Logan Plot

@ developed for evaluation of investigations with reversible
radioligands (Logan et al. 1990)

@ The original derivation concentrated on the behaviour of
the system after steady state has been reached in the
complete system.

@ The measurements would be either impractical, or
simply impossible because of the limited half-life of the
tracer.

@ In practice, however, the Logan-plot can be applied
before steady state in the whole system is obtained.
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The Logan-plot

ks
—
Arterial Blood Free Binding

() : Cf (1) ke Ch(t)

we assume k4 >> k,, i.e. the rate of release from the
metabolic compartment is much faster than the washout
from tissue
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The Logan-plot

ks
—
Arterial Blood Free Binding

() : Cf (1) ke Ch(t)

we assume k4 >> k,, i.e. the rate of release from the
metabolic compartment is much faster than the washout

from tissue

K4
Uy The system response is given

) by:

C,

S ) Cr= Kle_Kzt + K3e_K4t (18)
Uz

Ky
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The Logan-plot

In the presently investigated case (large k4) the rate
constants are approximately given by

kyky
Ky = ——
k2 + k3 + k4
ks = (ky+k3+ky) -k, (19)

That is, k4 is much larger than «,.
@ the rapidly exchanging component u, approaches zero

@ the influx into the slowly exchanging component u,
approaches the true influx K;
the system reacts as a single-tissue-compartment system

and can therefore be treated analogous to section
Linearisation of the Kety-Schmidt model (CBF).
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The Logan-plot

The identifiable parameters are k; ~ Ky, and k; ~ %k;
which is the effective washout of tracer from tissue (k, has
been neglected in the denumerator).
The ratio of the two parameters is obviously the total volume
of distribution of the tracer:

K1 K] k3 + k4

Vi=— ~—
! K2 k2 k4

(20)

which is identical to the expression which is obtained directly
from the inspection of the original compartment model.
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The Logan-plot

In section Linearisation of the Kety-Schmidt model (CBF),

t t
CT = Kl f CAdT - kz f CTdT
0 0

Analog to this equation, we can obtain

S -V (21)

In this case, V7 can be identified with the slope of the
resulting straight line.
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The Logan-plot
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Logan plot for small k4 (upper graph) and large k4 (lower
graph).



Error consideration of Linearisation

Patlak-plot

Logan-plot
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Error consideration of Linearisation

Patlak-plot

Logan-plot

Multilinear-plot

t t
CT = K2VT f CAdT - K3 f CTdT
0 0

Watabe PET PK Course 2008 Linearisations




Error consideration of Linearisation
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lkoma et al Ann Nucl Med,22,2008

Figure: Simulated time-activity curves for [11C] FLB 457 at noise

levels of 1%. 5%. and 15%. respectively.
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Error consideration of Linearisation
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Error consideration of Linearisation
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Figure: Relationship between the start time of linear regression
and VT estimated with graphical analysis (A) and multilinear

analysis (B).
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Error consideration of Linearisation

Merits of Linearisation

@ independence from a kinetic model (for Patlak and
Logan-plots)

@ stable algorithm

@ fast computational time
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Error consideration of Linearisation

Merits of Linearisation

@ independence from a kinetic model (for Patlak and
Logan-plots)

@ stable algorithm

@ fast computational time

Watch out for your data and plot!!
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